Quasi-Isometry Invariance of b, Among Nilpotent Groups

William Jones

This is a set of notes on one of the applications of the theory developed in [6], as well as some
relevant background materials. Namely, we will present a (reasonably) self-contained proof of the

following theorem of Shalom.

Theorem (Betti numbers are QI invariant among nilpotent groups). If G1 and G are quasi-isomeiric fg.
nilpotent groups, then
dimR Hn(Gl, R) = dimR Hn(GQ, R)

for alln > 0.

There are various tools involved; the broad idea is to relate coarse data about groups to the coho-
mology of their representations, so that groups with finiteness conditions on cohomology will exhibit

coarse geometric rigidity.

1 Continuous Cohomology of Locally Compact Groups

Suppose throughout that G is a Hausdorft topological group. To define the continuous cohomology
of G with coefhcients in a G-module 7 : G — GL(F), we define the continuons n-cochains C (G, E)
to be the G-homogeneous continuous maps G" — Ej i.e., maps f : G" — E which are diagonally
equivariant f(gg1,...,99n) = 7(9)f(91,- -, gn). The differential in the chain complex C?,, is defined

as usual:

df (9o, n) = D (=1 f(g0s- -+ Gir- -+ Gn)s

and the cocycles Z7 and coboundaries B}, are also defined as usual. We define the continuous cohomology

of G with coefhicients in 7 to be H,

(G, m) = H, (G, E) to be cocycles mod coboundaries. In general
we do not have that B" is closed in Z", so we may also define the reduced continuous cohomology H (G, )
to be Z"/B".

Importantly, if G is discrete then H, is just the “normal” group cohomology. The following fact

will be important for proving statements up to quasi-isometry.

Lemma. Let G be a discrete group and N < G a finite normal subgroup. Then if V' is a G-module and a
Q-space, then the inclusion VN — V' of N-fixed vectors induces isomorphisms H"(G,V) =~ H"(G/N, V)
Jor every n = 1.



One of the most effective tools in computing cohomology is the Hochschild-Serre spectral sequence,
which is generally formulated for discrete group cohomology. Under some hypotheses, however, the

spectral sequence still converges for a non-discrete locally compact group.

Theorem ([2], Théoréme 9.1, Hochschild-Serre spectral sequence). If the following requirements hold,
1. G is a locally compact topological group with compact exhaustion,
2. T is a closed normal subgmup ofG,
3. there is a Borel section s : G/T' — G which takes compact sets to precompact sets,

4. E is a Fréchet G-module so that H3 (T, E) is a Hausdor{f topological space (i.e, H* = H*),

cts

then H®

cts

quadrant with EY'? = HY, (G/T, HY (T, E)) that converges to H3 (G, E).

cts

(T, E) has the structure of a Fréchet G /T'-module, and there is a spectral sequence supported in the first

We will not need the full generality of this statement. Instead, we may specialize to the case that
G,T are Lie groups, and E is a Hilbert space on which G acts unitarily (in particular, this implies that
E is Fréchet as a G-module).

Corollary 1. Suppose G is a Lie group, N a normal Lie subgroup ofG, and E is a unitary representation of
G. Then if Hy (N, E) is Hausdorff (i.e, H* = H*), we have that H3,,(N, E) is a Fréchet G /N -module, and
HZS(G/N’ Hgts(N7 E)) = Hc.ts(Ga E)

The following is from [3], Ch. I, §7, pg. 39. Consider the standard homogeneous cochain complex,
and let g act on cochains by right multiplication g.f(go, ..., 9n) = f(909,- -, 9ng). This is in fact an
automorphism of the whole complex, and in the inhomogeneous cochain complex we have that this
is written as ¢.f(g1,---,9n) = 9f(97916,-..,9 ' gng). Now define on the homogeneous cochains
S C"Y G, E) — C™(G, E) by the rule

S f(g0,- -y 9n—1) = (90,91, -1 9i9i9s Gi+1, - - -+ Gn—19);

then S" = 37" '(~1)'SP forms a chain homotopy of C'* which takes the G--action to the identity

automorphisms. We have thus found:

Lemma 1. The natural G-action

9.-f(g1,-- - 90) = 9f (97 919, -, " gng)

on H?,

cts

(G, E) is trivial.

We will also need some harmonic analysis. In the representation theory of locally compact groups,
a representation is said to be irreducible if the only invariant subspaces are the trivial ones, and if there is
a closed invariant subspace W, then 7|y is said to be a subrepresentation. The crucial background here is

one of the many results called Schur’s lemma.



Theorem 1 ([1], Theorem A.2.2 (Schur’s Lemma)). A unitary representation m of G is irreducible if and

only if its centralizer in L(Hy, Hy) (also called its commutant) consists of scalar multiples of 1.
One application which is relevant to inductive arguments is:

Corollary 2 ([1], Corollary A.2.3). Representations of abelian groups act by scalar multiplication. Irreducible

representations of abelian groups are one-dimensional.

Proof. Suppose m is a representation of G abelian. Then 7(G) is a subgroup of #’s commutant, thus 7
represents G as scalar multiplies of 1. If 7 is irreducible, then H; # 0. Pick f # 0 in Hy; then (f) is

invariant under 7, so H; = {f). O

Note that in the case that G is not finite, there may be non-irreducible representations which have
no irreducible subrepresentations.

For example, ifx A is the regular representation of R on L?(R), then an irreducible subrepresentation
of A would be one-dimensional by Corollary 2, thus be the span of a nonzero function f. We will show

that f cannot exist. Indeed, such a function must be constant: we have

112 = fR P de = fR @+ y)P do = =) PIf2

so || = 1. But then f(y) = 7(y)f(0), so | f| = | f(0)|, which then implies that f is constant nonzero: a
contradiction.

In the finite-dimensional case, we may decompose any reducible representation into a direct sum
of irreducible ones. This example shows that this is not possible, but we can get the next best thing: the

Fourier transform

@) = fR 27T (1) it

decomposes L?(R) as not a direct sum, but a direct integral of irreducible representations of R. This holds
in general (e.g., see Kirillov) for a locally compact group: any representation 7 of a locally compact
group G may be decomposed into a direct integral of irreducible representations; meaning there is a

certain standard measure space (V, i), a collection of representations m,, and a G-isomorphism

D
E; =~ J oy dp(v),

from E; to the space of square-integrable functions V' — LissEr,, such that 7, is irreducible p-
a.e. Note that a direct integral decomposition is not in general unique, even up to the appropriate
equivalences.

The relations between 7 and the irreducible representations occurring in a direct integral decom-

position of 7 are subtle. We at least have the following.

Lemma 2. If 7 is a representation of lesc G and S@ 7wy dp(v) is a direct integral decomposition of , then if
H*(G,m,) =0 p-ae, then H*(G, ) = 0.



We will now calculate the cohomology of nontrivial irreducible representations of 1-connected

nilpotent Lie groups.

Theorem 2 ([2], Théoréme 10.1). Suppose that G is a 1-connected nilpotent Lie group, and = : G — U(E)

is a nontrivial irreducible unitary representation on the Hilbert space E. Then H2 (G, E) = 0

Proof. The proof will be by induction on dim G.
We will treat the abelian case separately, as it will be useful (and also prove the base case). If G is

abelian, then = is a nontrivial character. Note that H?,,(G, E) carries a natural G-action induced from

cts
E’s, which is just multiplication by 7(g). From Lemma 1, this action is trivial, so it follows that for all
g€ G, ¢e Z" that (r(g) —1)¢ is a coboundary. But as 7 is nontrivial, there is some ¢ so that 7(¢g’) # 1,
so there is a nonzero A so that A¢ is a coboundary; thus so is ¢.

Now we consider the general case. If G is nilpotent of step s, then N = G is central in G
and nontrivial. Let 7 = 7|y; our first subcase is that 7 is nontrivial. Since N is abelian, 7 is just scalar
multiplication by Corollary 2, and so we may run the preceding argument to conclude that S, (N, 7) =
0. We may then apply Corollary 1 to this situation; as HY, (G/N, HY, (N, E)) = H.,,(G/N,0) = 0, the
Hochschild-Serre spectral sequence is degenerate, so H2, (G, E) = 0 as desired.

Now suppose that 7 is trivial. The continuous group cohomology of Lie group with trivial ac-
tion is the same as the Chevalley-Eilenberg cohomology of its Lie algebra (with trivial action). Thus
He

cts

(N,7) = H*(n, 7). But n is abelian, so reading off the standard Chevalley-Eilenberg chain com-
plex, we obtain that H*(N, 1) = A*(n, E) is the algebra of alternating multilinear n-forms n™ — E.
The G/N-module structure on H}

cts

(N, 7) is given by the action

[91f(h1s- .. b)) = gf (g7 hag, ..., g " hng).

Since N is central, however, it then follows that the action of G/N on A(n, E) is just the normal
G/N-action on A%(n, E)) given by the action on E. Thus as a G/N-module, we have that HI(N, 1) =
@iy 4¢ E'- where E is the G/N-module E. Thus

@ cts G/N E) cts(G/N G—)E) cts(G/N cts(N7E)) = H.

cts
dim A4

(G, E)

by Corollary 1, but by induction we have that H, (G/N, E’") = 0, so the spectral sequence degenerates

at the first page and so H3, (G, E) = O

cts

Corollary 3. Suppose that G is a 1-connected nilpotent Lie group, and m is a nontrivial (not necessarily irre-
ducible) unitary representation of G. Then H o,y (G, ) = 0

Proof. We may disintegrate 7 into a family of a.e. irreducible representations 7. Theorem 1 implies

that H,,,(G,m;) = 0 a.e., so Lemma 2 implies the same for . O

In Kazhdan’s Property (T), it is proved that lcsc G has Property (T) if and only if H!(G, ) = 0 for
every irreducible unitary representation 7. We may thus conclude another corollary.



Corollary 4. Let G be 1-connected m’lpotent. The only irreducible unitary representation of G with nonvanishing

cohomology is the trivial one.

2 Couplings

In order to leverage the tools of harmonic analysis to relate two groups, we need functions on spaces
relevant to the groups. Given groups A < T, some clear choices would to consider the function spaces
L*(G), L*(H), or L*(G/H). However, it is not immediately clear what functions to consider when A
and I are a priori unrelated, or even quasi-isometric.

The first part of the following theorem is attributed to Gromov.

Theorem 3 ([6], Theorem 2.1.2). Tiwo finitely generated groups T', A are quasi-isometric if and only if there
is a locally compact space X on which both A and T" act continuously, properly, and cocompactly.

Moreover, after replacing T with T' = T x M for some finite group M, we may find such a space X so that
the three following properties also hold:

1. Both actions on X are free,
2. The compact fundamental domains of I and A are also open,
3. Xt € Xp.

The idea here is that if ¢ is a quasi-isometry A — T, then the quasi-isometry condition implies that
there is only a finite failure of injectivity. Thus setting I' = I x M for M sufficiently large, we may

assume ¢ is injective. There are linear estimates F, I5 so that
Fidy < dr¢ < Fady, (1)

and we take X to be the space of injective functions A — T satisfying the estimates in (1). This is a
topological space in the subspace topology of I'A, and the action of TV and A’ on X is given by post and
pre-composition, respectively. A space X satistying the conditions of Theorem 3 is called a topological
coupling of A and T".

The following is attributed to Gromov. Two discrete countable groups T, A are called measure
equivalent (ME) if there is a o-finite measure space (X, u) such that the actions ' —~ X — A are
eseentially free, yi-preserving, commuting, and with finite-measure fundamental domains. The groups
are uniformly measure equivalent (UME) for every v € I', A\ € A, there are finite subsets S, <
A, Sy < T so that

¥XA € XS, and XpA € Sy Xr.

Such spaces X are called respectively ME couplings or UME couplings. If the action of ' x A on an
ME coupling is ergodic, we say that the coupling is ergodic.
Topological couplings will allow for a dictionary between the two actions, and ME couplings will

allow for induction of representations.



Indeed, if we have a topological coupling X and = € X, then it is not necessarily the case that

1

v tx € Xj for v € I'. However, the fundamental domain condition and freeness imply that there is a

unique A € A so that vtz € X,. Define
a:I'x Xp— A

so that (v, z) is the unique A such that y 7'z € Xx. Dually we define 3(z, ) to be the unique 7 so
that y712\ € Xp. Note that Xp © X is equivalent to the equality

a(f(xz,N\),x) =\, Vre Xp, A€ A.

Note that if we identify X, = X /A, we do not have that I'"s action on X /A is well-defined. However,
the cocycles «, 8 give a way to define an action of " (resp. A) on X /A (resp. I'\ X). Indeed, the induced

action on the quotient spaces are exactly given by
v.x =yza(y 'z) and 2.\ = B(x, \) Tz

Thus these cocycles induced by the coupling mediate the two actions.

It will also be important to study the case that A is a cocompact subgroup of not-necessarily discrete
I'. In this case, setting X = I, we have that I" is a UME coupling of A and I, and X7 is a point go. The
cocycle o remains the same, but the cocycle 3 is greatly simplified: if A € A, the unique v € I" so that
Y 1goA = go is nothing but goAgy '. So we have the equation

B(g0,\) = goAggt if  Xr = go,

and further the action go.A of A on Xp is trivial. As any point in ' may be taken to be X1, we may
define B on all of T" as 3(g, A) = gAg™*', and similarly the action g.A = g.

3 Amenability and Existence of UME Couplings

A locally compact topological group G is amenable if there is a functional m € L*(G)* satistying
1. (Unit Norm) ||m/|sp = 1
2. (Positivity) f > 0 a.e. = m(f) =0

3. (Left-Invariance) m(g.f) = m(f) forevery g € Gand f € L*(G), where g.f is given by g. f () =
flg™t).

Such a function is called a mean on G.

Now suppose that G amenable (with mean m) acts on a compact space X. Fix z € X; then for any
f € C(X), we have that g — f(gx) is a bounded function, so m(g — f(gx)) is a real number. Define
o(f) to be this number.



Since ¢(1x) = 1, ¢(g.f) = ¢(f), and ¢(f) = 0 for all f € C(X), the Riesz representation theorem
tells us that f defines a G-invariant Borel probability measure on X. This is the finite invariant
measure condition for amenable groups.

The next step requires a technical lemma.

Lemma 3. Suppose f; : X — Y; is a family of functions into topological spaces Y;, and give X the coarsest
topology so that each f; is continuous.

Then a net xo, — x converges in X if and only if fi(xo) — fi(x) converges for each i.

Now suppose P is the set of G-invariant probability measures on X. We claim that P is weak*-
closed; indeed, if 4 is a net of elements in P which converge to some p € C(X)*, then we have that
for every f € C(X), pa(f) — p(f) by Lemma 3. This is just a convergence of nets in the ordinary
topology on R, so it clearly preserves G-invariance, positivity, and as 1x € C(X), preserves having
unit mass. Thus p € P, so all nets in P converge, so P is weak*-closed. Since P is contained in the
unit ball of C(X)*, which is weak*-compact, it then follows that P is weak*-compact and convex. The
Krein-Milman theorem then yields an extreme point v of P, which is precisely a G-invariant ergodic
probability measure on X.

This is sufhicient setup to prove the following existence result.

Theorem 4 ([6], Theorem 2.1.7). If amenable groups A and T' are quasi-isometric, then for some finite M,
there is an ergodic UME coupling X of A and T’ x M, satisfying Xvyp S Xa.

Proof. By Theorem 3, we have a topological coupling X between A and I' x M (which already satisfies
the fundamental domain condition). Then X /A is compact, so by the preceding discussion there is an
ergodic I'-invariant probability measure 1 on X /A. By tessellating X by X, = X /A, we may extend
p to a measure /i all of X in a A-invariant fashion, giving X the structure of an ergodic UME coupling

satisfying the fundamental domain condition. O

4 Induced Representations and Cohomology

Now let I', A be discrete groups and (X, 1) an ME coupling of them. Since I'’s fundamental domain is
inside of A’s, Shalom suggests one thinks of A as the “small group”, and I as the “big group.” Thus we
wish to induce representations from A up to I

If 7 : A — U(V;) is a unitary representation of A, we define
PGV = {2 = Ve f@h) = w0 (a) and [ 1) ) < o
XA

to be the A-equivariant extension of L?(X /A, V). Of course, we can also consider L?( X, V) itself, so
we define the I'-representation Ind} 7 induced from A to I to be either of the following (equivalent)

unitary representations:

* (Coset Model) L?(Xy, Vi) with the action vf = w(a(y, =) f(y1.—)



* (Equivariant Model) L2(X, V)" with the action vf = f(y~1.—).

It will also be important to consider the case that an arbitrary locally compact second countable G =T
is the big group, and A is a cocompact subgroup in G. In this case, we shall set the space X in the ME
coupling to be X = G.

Consider now either (X, ;) a UME coupling of discrete I and A, or X = G = I' a UME coupling
of A cocompact inside of G. We will define a map I : H™(A, ) — HZ (T, Ind} 7).

Given w € C"*1(A, V;), we define

Tw(o,- -, m)(x) = wla(yo, @), - . ., & m, 7))

We claim that Tw € C"*Y(T, Ind}y 7). This involves verifying that Iw(go, . .., gn) as a function of z is
in L?, that Jw is diagonally I'-equivariant, and that as a function of I"*!, Jw is continuous (this last
condition is trivial if T" is discrete).

To verify that Iw(go, . . ., gn) € L*(Xa, Vi), note that as X is a UME coupling for any ~ there is a
finite set S, so that y XS ! ¢ X. This implies that for any 4, a(g;, X») is a finite set. Thus there are
finitely many sets S} < X and A} € A so that

algi,r) = 2 /\flsg'-
i=1

Partitioning X5 = | |, Py along all of the S’ and letting AL be the value of a(g;, —) on Py, it then
follows that

N
[1w(gos -, gn) ()3 = f w(algo,z),- -, algn, 2))* du(z) = 3 p(PRw(A, ..., AL)? < 0.
k=1

XA

Diagonal I'-equivariance follows from A-equivariance and the cocycle identities for «; indeed we
have that

a(my2, ) = aly1, z)a(y2, v tx)

for all z € X, so we may calculate using this and A-equivariance of w to find that:

Iw(vgo, - - -, vgn) () = w(a(y, 2))Iw(go, - - -, gn) (v ") = v.Iw(go, - - ., gn)(T).

Last, in the case that ' = G and A is cocompact in G, we must show that Jw is a continuous function
from G"*! to L?(Xy, V). However, as ¢'g~! — 1g, it follows that u({a(g, ) # a(g’,z)}) — 0. We

have seen the possible values w can take is finite; this is also true for bounded g, so

M = max{(w(a(g, z),..., algn, 2) —w(al(g’ )., algn, 2)))* s g, 2) # alg', 2)}



is finite. We may conclude that

[1(g. g1, 90) = Tw(g g1, 90) 3 = J ) (Iw(g, g1, -, 9n) = Iw(g' 91, - - 9n))* du(x)
a(g,x
({a(g, x) # alg, 2)}) M,
which goes to zero as g’ — g. Thus Iw is continuous, so I is indeed a map H™(A, ) — H?% (G, nd§ )

when G is not necessarily discrete.

One further verifies that Id = dI, so we have proved the following.

Lemma. When discrete A, T are part of a UME coupling, or when discrete A is cocompact in not—necessarily—

discrete T', the map I induces a map in cohomology.
I:H"(A,7)— H (T,Ind} )

We claim that I is injective.

Theorem ([6], Theorem 3.2.1). Ifeither the UME coupling Satisﬁes X1 S X, or A is cocompact in T, then

I is injective on both reduced and non-reduced cohomology.

Proof. The proof will consist of finding a continuous linear left inverse to I which commutes with the
differential; the continuity condition is to guarantee injectivity on reduced cohomology.

Recall that 3 : X x A — T'is the dual cocycle to a. For o € C"*1(T', Ind}; ), we define for discrete
A, T the map

To(Aoy .-y An) = L{ o(B(z,Xo),s .-, B(x, A\n))(z) du(z) (I)

and when A is discrete and cocompact in T, the cocycle 8 simplifies to conjugation. However, we

cannot integrate over a point, so instead we integrate over X.
Tetso(Xos -3 An) = J a(grog™ ", -, 9hng~ ) (g) dpulg)- (I1)
XA

Note that for (I) the hypothesis that X = X is used in making sure the integral is well-defined.
We should clarify the notation in (I); what is meant by the second (z) in the integrand is not that
we are just integrating o (B(x, Ao), . . ., B(z, \n)) over x; the cocycle takes values in L?(Xy, Vi), so this

would only give us an L2-integrable function. To amend this, the notation

a(B(wo, M), - - -, B(x0, An))(w0)

means “evaluate the function 8(z¢, Xo), . . ., (0, An) at 29.” The resulting function on Xr is integrable
due to the fact that o(8(—, Ao), ..., B(—, An)) takes only finitely many values on Xx.

We can calculate A-equivariance of T'o, linearity, commutation with the differential, and the left
inverse property T = 1 using properties of 3, which will then prove the desired results for both
functions (I) and (II).



To show A-equivariance, we may compute as above that
To(Mo, .-+, Adn) = LF m(a(B(x,A), z) (0 (B(xX,X0)s - -, BN M) (B(z, \) L)) dp(x)
and as X1 € X, we have that w(a(B(x, \), ) = m()\), so after changing variables we have
To(Mo, ..., M) = 7(\) LF a(B(x, X0), ..., Bz, A) (B AHN) (2 A™h) du(x)

One computes that B(z. A1, A\)7L.(z.A71) = 2, which finishes the desired calculation.

The calculation that 7T = 1 uses Xt < X in a similar way, and linearity and commutativity with d
are easy to verify. All that remains is to check continuity, which requires technically different methods
for (I) and (II), but both follow from the same principal: continuous cocycles being close imply their

integrals are close. t

In the case that A is discrete cocompact in T, it is known ([3]) that I is surjective on ordinary and

reduced cohomology, and in fact an isomorphism on non-reduced cohomology as well. Thus:

Corollary 5 ([6], Theorem 3.2.2). If A is discrete cocompact inside the locally compact, second countable group

G, we have

H"(A,7) =~ H*(G,Ind§ 7),

as well as a continuous isomorphism between nonreduced cohomologies.

5 Property H} and a Proof of Theorem 1

Let G be a (second countable, locally compact) group. We say that G has property (H%) if whenever
7 is a unitary representation of G so that H"(G, 7) is nonzero, then 1 < .
This property is equivalent to the vanishing of the nth reduced cohomology of non-trivial irre-

ducible representations.

Lemma 4. The group G has property (H?) if and and only if HY (G, ) = 0 whenever 7 is non-trivial and

irreducible.

Proof. Suppose G has (H#) and let 7 be irreducible non-trivial. Then 1¢ # 7, so HY (G, ) = 0.
Conversely, let 7 be a representation so that H"(G, ) # 0. Applying Lemma 2, it follows that G
has an irreducible representation m, so that H"(G, ) # 0; by the assumption this must be the trivial

representation, so 1l < . O

The preceding proof also makes clear why the reduced cohomology is being considered. Note that

we have already seen an example of groups satisfying this.

Corollary 6. 1-connected nilpotent Lie groups have property (HZ) for every n = 1.

10



The following lemma is analogous to (T').
Corollary 7. Suppose A is discrete and cocompact in G. If G has property (H1), then so does A.

Proof. Let m be a representation of A. We first prove that 1o < Ind§ 7 implies that 14 < 7. For
this proof it is convenient to consider the equivariant model of Ind§ ; i.e., the space of L2-integrable
functions on G/A satisfying f(z\) = (A1) f(z). Now suppose f is an invariant vector; then for all g,
we have that gf(z) = f(z), so that f(¢g~'z) = f(x). Since G —~ G/A is transitive, it follows that f = v
is a constant function. But then 1(A\)v = 7(\) f(z) = f(zA™!) = v, s0 v € V, is fixed by . O

Corollary 8. Every finitely generated nilpotent group has property (HJ) for every n = 1.

Proof. The set of torsion elements in a f.g. nilpotent group is a finite normal subgroup, so by Lemma ??
it sufhices to prove that finitely generated torsion-free nilpotent groups have (H7:). This follows from
Corollary 7 and the Mal’cev completion. O

The following theorem provides the link between the Betti numbers and property (H7).

Theorem 5 ([6], Theorem 4.1.1). Suppose I is a finitely generated amenable group with property (HZ). If
A is finitely generated and quasi-isometric to T', so that by, (A) is finite, then by, (A) < by (T).

Proof. Since by, (A) is finite, it follows that H™(A,1,) is finite-dimensional, so in fact b,(A) is just
dimg H™(A,14). Replacing T with T x M, we have that I' x M still has property (H7) by Lemma
22. It then follows from Theorem 4 that there is an ergodic UME coupling X of I' x M and A so that
Xrxamr © Xa. This is the setting for the injection of Theorem 22, so that

H™(A,15) = H™(T x M,Ind}*M 1,)

The (T x M)-representation induced by 14 is the regular representation on L?(X/A). Since inte-
gration is continuous on X /A, it follows that L?(X/A) has the topological direct sum decompostion
C @ L3(X/A), where the latter space is the zero-mean functions, and T acts trivially on the former

space C of constant functions. Hence
H™T x M,Ind\*™ 1) = H™(T' x M, 1) @ H"(T x M, L3(X/A)).

By ergodicity the zero-mean regular representation cannot contain lgyx s, so as I' x M has property
(HZ), it follows that H™(I' x M, L3(X/A)) = 0. Thus

H™(A,1p) — H™(T x M, 1py ) =~ AT, 18 ) = HY(T, 1),

where the isomorphism follows from Lemma ??. This proves that b, (A) < b, (T). O

Here is another application of the preceding results and techniques.

11



Corollary 9 (Weak Nomizu Lemma). If T is a finitely generated torsion-free nilpotent group with Mal’cev
completion G, then
H"(T',1)  H"(G,1),

where 1 is the relevant trivial representation.

Proof. Asabove, we have that Ind% 1 = C®L2(G/T). By Corollary 3, we have that A% (G, L3(G/T)) =
0. Thus H”

cts

cohomology of a finite-dimensional connected smooth manifold), or H"(G, 1) (as it is the Lie algebra

(G,Ind{ 1), and Corollary 5 and finite-dimensionality of either H™(T',1) (as it is the

cohomology of a f.d. nilpotent Lie algebra). O

We will now provide a proof of the main theorem that the Betti numbers are a quasi-isometry

invariant among the finitely generated nilpotent groups.

Proof of Theorem 1. Analogous to before, we may assume by Lemma ?? that the finitely generated nilpo-
tent groups I', A are torsion-free. As mentioned in the proof of Corollary 9, I" and A have finite Betti
numbers of all ranks; by Corollary 8 they have (H}) for all n > 1, and are amenable. It follows from
Theorem 6 that b, (T") = b, (A) for all n. O

Here is an application. Let I',, be the following finitely generated, torsion-free nilpotent group:
n =T, | [T, 25] = 2] ! whenever i + j < n).

Importantly, T';, embeds as a cocompact lattice inside the Lie group G,, associated to the nth filiform Lie
algebra g,,, defined by the analogous commutation relations. Let g be the associated graded algebra to
gn, which is also defined over Q. In particular, the associated Lie group G admits a cocompact lattice
T,

Corollary 10. Ifn 7, the group Iy is not quasi-isometric to re.

Proof. Let gi° be the associated graded Lie algebra to g,,, or the Lie algebra of the Lie group G°. It is
calculated in [6] that

h(a) =3 blad) =[50,

so when n > 7 we have that by(g,,) = b2(T',) (see e.g. Corollary 9) is not ba(g%°) = ba(I'°). O

n

Corollary 11. If n > 7, the group T, is not quasi-isometric to G;° with any left-invariant sub-Finsler distance.

In particular, Ty, is not quasi-isometric to its asymptotic cone.

Proof. By Chow’s theorem (see Le Donne Theorem 4.1.8), any sub-Finsler metric induces the manifold
topology on G°. In particular, I')° is cocompact and acts by isometries on G, so I'y° cannot be quasi-

isometric to Gi°. O
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